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ON THERMOELASTIC STRESSES IN AN ASYMMETRICALLY HEATED HALF-SPACE’

L.N. GERMANOVICH, L.V. ERSHOV and I1.D. XILL

B guasistatic problem of thermoelasticity is considered for a half-space
in the case of convective heat exchange (boundary condition of the third
kind). 1In the case of boundary conditions of the first and second kind
all results are obtained in exactly the same manner. The exact solution
of the problem is found in the form allowing the construction of an
approximate sclution, simple and suitable for numerical computations and
based on the asymptotic expansion of the temperature and the stresses as
t--0. The problem is reduced to determining single integrals of simple
functions, and inmany cases the integrals can be expressed in terms of
elementary functions. The error of the approximate solution is estimated.
Unlike the results obtained earlier in /1-3/, the temperature
distribution in the medium adjacent to the half-space is not assumed to
be axisymmetric, i.e., a general asymmetric distribution is studied under
certain constraints that are not significant from the physical point of
view. Such asymmetric distributions are very common in practice /4/.
The results of this paper can be used to study the fracture of brittle
materials which can occur under the action of thermoelastic stresses /5/.
It should be noted that application of the numerical methods which
were successfully used in solving the symmetric problem of thermoelasticity
/6/ encounters, in the case of asymmetric, obvious difficulties caused
by the increased dimensionality of the problem.

1. The initial temperature of the elastic half-space :z.»( and the medium filling the
region z<< 0 is T = (. At the instant ¢ =0 the temperature of the medium rises instantaneously
and assumes the distribution (r, ¢. 2 are cylindrical coordinates)

O =01(r.¢).0((r.¢—21)=0( ¢ (1.1)
and the function © (r. ¢) can be written in the form of a Fourier series whose coefficients
admit of the n-th order Hankel transformation in r

O g)= 3 [8.1r)cosng =1, (Nsinng). Tolr)=0 (.2

f

8,7 (1) = H; [8, (N =\ 78, () J. (wr) di.

o
Ty =Hi[t.(r)), n=0,1,2,

*prikl.Matem.Mekhan.,49,6,1001-100%9,1985
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where J, is the n-th order Bessel function of the first kind. 1In the phvsical problems the
cnditions for the existence of representatioms (1.2) hold as a rule.

We require to find the temperature and stress fields inside the half-space when the heat
exchange with the medium occupying the region z<C{0 obeys Newton's law.

2. let us transfer to dimensionless coordinates, putting r = r/8, 7/ = 2/8, t' = at/8% k' = hd

where a is the thermal diffusivity, h is the relative heat transfer constant and 6 is a
characteristic dimension. Neglecting, for simplicity, the primes accompanying the dimensionless
quantities, we shall write the boundary value problem of heat conduction as follows:
ar _ & » L
- =A7 (A—TarT+ -+ ot T ) (2.9)
Theo=0; - = {Thao—8); T (o0, 02,t)=T(r¢00,1)=0
Applying to the problem a Laplace transform in t, we obtain

aT*

8z

sT* == AT*,

mo-_:h.(ft l:=o—‘g‘) (2.2)

o
T*(r,o 5,8 =L T (r, 9 z21)] S T{r, oz, tye™dt
o
We shall seek the solution of problem (2.2) in the form

T*(r,q,2,8) = § [un® (r, z,5)cosng + v *(r, 2, 8) sinng], v*=0 (2.3)

n=p

Substituting (1.2) and (2.3) into the equation and boundary condition (2.2) and equating
the coefficients of like harmonics, we obtain

oy * 1 du * aiy * nt
n n n L J— *
ars -+ T T er + 823 T U == Sy (24)
du_* [\)
2= (b —e) L nm0n,

and anlogous boundary value problems for determining u,* n =1, 2,
Let us now apply the Hankel transform of the n-th order in r. This yields a boundary
value problem, Solving it and inverting the Hankel transform, we obtain

U (ry 2, 8) =k g 2T, (1r) sE0,F (0 i (2.5)
R

_ exp(—:zys7Y) _
E"m n=01,2,...

Finding in the same manner u,.* (r.z,s) and subsituting it intc (2.3}, we obtain

*r s = 2 To*(rzs), To¥=h\ Al (hr)st o, db (2.6)
n=0

0
Wy = 0,7 (2Ycos ng — 1, W) sinng. n =0,1, 2., ..

3. Let us find an expression for the thermoelastic displacement potential. Following
/7/, we have (v is Poisson's ratic, o is the coefficient of linear expansion)

4+
Q¥ (r, o, 8)= =0

(sT"— hm §T*) = (3.1)

« o )
1 - ¢ . . e’
ah — ZB o (1) [g—m—l Dy, di
ni==0 O
We find the expressions for the stresses corresponding to {3.1) using the formulas for

the stresses from /8/, having previocusly transformed them to cylindrical coordinates (u is
the shear modulus)

[ @

1 80 1 8
p,,zpr\-gﬁ——M)), PM—29<,. a(pz + = r ar —A(D) (32)

p=2 (50 —80), pe=2u(+20 — 5 37

o o 220 o, 1 &0
=R g Pa=B goa
As a result owe cbtain expressions for the stresses py* (i,7 =T, ¢, 2). We alsc find that
the expressions for p.* p.* and p:* are different from zero on the free surface z = 0. we
remove them by bringing in an additional "temperature-free" solution obtained with help of
the Galerkin function G. If the form of its representation is known, then the constants
occurring in it can be found from the eqguations
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9:: L=o = P:: L=o, 9:1 Lwo =— P:z 20y 9:: Lso = — P:a lem0 {3.3)

where ¢;* (i, j =71, ¢, 2) are the stresses corresponding to the Galerkin function, which can be
found using the formulas in /8/.

After substituting the values of p;;* and g,* into {3.3), we reduce the last two
equations to the form @F*dr = 0; dF*/dp = (; system (3.3) then reduces to the following two
equations:

{2 [@—va6r — "’G'] F(t—2v) (T —a0v)}| =0 (3.4)
{t—v a6+ ~ 2 - Y| =0
We shall seek the representation of the Galerkin function in the form
G*(r, ¢, z,8) == Z {cos n(pg [An(s, 2) + 2By (s, M) T, (hr)e**dn + 3.5)
n= 0

sinng § [Co (s, 2) + 2Dy (s, W] T (hr) eM d)
[

We can confirm directly that G* is a biharmonic function. Subsituting (3.1) and (3.5)
into (3.4) and equating the coefficients of like harmonics, we obtain a system of linear
equations for computing 4,. B,. C,.D,(rn = 0,1,2,...). Thus the function G* will be completely
determined. Calculating the expressions for g¢,;* and combining them with the corresponding
pi;*. we obtain the expressions for the total stresses 0"

0% = 2 U?j" Lj=rqz {3.6)
n=0
T Blet [ To iy,
e e (e [ 22
&
- o
Ta () Bl by = T, () (2— Rz) B2 ] L‘,l’—m_:
Jo(hr) ES e kg — T, () M3 —
(2h =%+ hiz =+ 235) ;.=q]} w1 7.
e Cleh 17,50 —
51“7“—= hS{ ll_ Tan 1, rhy = Jn (Ar)ﬁ;;—"—/r‘—
]
7,
27, (ir) \-;,2} Dl gy B
27, (hr) (h = 7.) \'}.31‘]1 wrn @)
~T% e
I‘; SJ (fr)[ ~t—{{ +hz ——A..}q] 230y, dh

4

3

n¥ v
S —nt 5[(” 1) T, () = BTy (11)] (-— et kg)u)gn dh
I

..ﬁ: =k \ 'LT" T () — Ty (}.r)} kgh2ay, d.
¥ ' o3
.%i.—_—h % \ J, (hr) kshog, di.
ky == 2v — ; o hio Ke=AE—[2R(v — 1) + (2v — 1 = R2) A — A%]m
by AR e Lkt — (o hiz— 23
o h  ——
T=anTE °= Vs =22, wen=r1," (A)ycosnp—=8,5 (2)cinng
D= 22y

1—w

Using a table from /1/, we can write the originals for the temperature and the stresses.
However, since the solution was constructed in a formal manner, the convergence of the integrals
obtained must be checked. This requirement is practically trouble-free, because of the
presence of the factors exp(— 2z} and exp(— %) in the integrands. (Such a check was carried
out for the example for the boundary distribution (1.,1) given below). The singularities in
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the integrands can be eliminated.

4. The exact solution obtained above contains removable singularities which hamper its
application and can cause considerable errors in numerical computations. In this connection
we shall investigate the asymptotic behaviour of the solution as {-—>0. To simplify the
problems connected with the convergence of series, we shall confine ourselves to the case
when the boundary temperature distribution (1.1) is represented by a finite trigonometric
polynomial, i.e. the series in (1.2) is replaced by a finite sum up to and including N. This
restriction is not significant from the physical point of view.

Let us first investigate the temperature distribution, considering separately every

harmonic 7,* in {2.6). Inverting 7,*, we obtain the relation
" ¢ -
T\ 20, 0r) 2 S exp (— A1) L7 [-’iﬁl?-(:ﬂ] d (@.1)
) o Vith

where L' is an operator inverse to L, (the lower index denotes the argument of the original).
Using Taylor's formula for exp (— 2%). we obtain

K — Tt
=\ Mo (hryoradh \ fo(z,7) ‘——.-w dt 4 T M (4.2)
0» Jrend
i oo i
T M= {;4 )_ o S AEMAST L (hr) i, exp (— K3) di S ™™y (z, 1) dr
[1] 0

j,,,(z,t):.—»L,"{ “‘Zlf, 1;5)} m=0,1,2....

O Lt, M=0,1, 2,.

In determining the asymptotic expansion we choose the same system of functions both for
the approximation and the comparison /9, 10/

B () = (— )™ fﬂ(o ndr, m=0,1,2,... (4.3)

O e

From (4.2) and (4.3) we see that fma {I) =0 (pn () and 7. =0(in.(t)) as -0 . m =0,
1.2.... Therefore we have the fcllowing asymptotic expansicn:

& AT T i
Z C AN )=
=0

Using mathematical induction and the formulas from /11/, we cbtain the following relations
for pn (1) and fn(z. B

WA (hr) @ A, (4.4)

Sr 3R

¥ ek

(1) = (— )7 1 ’L‘lﬂ’fn H(z0) (4.5)

=0

fonq (2. 1) Gumeq (£, 1)
fm (s t) = m;,z - .mf‘x - G (5. 1), m=12,...
» -+ 2ht
s (.;,t)-— e\p<—--4—;>—-}z e\p(hi~h)erfc—2—y;_ti—
G (s t)=L {ﬂ.gil}:(m)‘m-“w-x erfc ——
§ - c
m == 2, 3, -
. 1 22
Gz, )= e exr(—-—,ﬂ (4.6)

im-terfexr, m=1,2,...

z . ,
" erfe 1 = — —— jmlepfe r L
m 2m

- 2 a .
iterfc 2 = ——=—exp{—a°%), Perfez=cerlcr
Va

Thus we obtain the approximate solution (which becomes asymptotically exact as { - ()

ek m—'

N
.._1 o
T(r. ((.:.1‘):22 Z ! 3 M‘ AT @) faer (20 1) 4.

more suited for carrying out the calculations for small t than the exact solution. The
functions fx. (2. 1) contain only a single, special, well tabulated function, namely the auxilliary

probability integral. The integrals A}’."," " converge rapidly and are often taken in terms of

o
-y
—
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elementary functions (see the example).

Let us now analyse the stress. From formulas (3.6) we see that the construction of the
asymptotic forms of the stresses 0, Og. 0;;, O, reduces to constructing the asymptotic ex-
pansions, as t— 0, of the expressions

o« t L,

1= 317, (kr) o,mexp (—grz) 2 (a8 exp (— h20) o (2, 1) dr (4.8)
0 [ []

(i=1

In the case of the stresses o¢,, and 0; we must also construct the asympotic expansion
as t— 0 of the expression of the form (4.8) where fo(2, 1) must be replaced by L.![eV#] and
we assume that i =1,2;j=0,1,2,...; p=2;9=0. Since these cases are completely analogous,
we shall only consider (4.8). We will merely note that the operation L;'[e-?5] an@ z =0
is defined only in the class of generalized functions. This causes a certain amount of in-
convenience, but since we know the exact values of o,, and d;, when z =0, namely (0,y, =

. = 0), we shall construct their asymptotic expansions under the assumption that 2> 0.

Chossing the following system of functions for approximation and comparison:

,2,3,4,j=0,1,2...;p==1,2,9=0,1)

t .3
B (0) = (— )" { a8 {17fo (2, 1) de (4.9)
]

0

and expanding exp (—2°1) in (4.8) as before, using Taylor's formula, we obtain the required
asymptotic expansion

B (1) amei
]=Z pmm!) q(‘:t"j 1, Yl, (1 — 0) (410)
n=0
o h=A"T =B =10, () 0 etz . (4.11)

0

Mathematical induction is used to show that

m me

B () = (— 1)"’22 —— WM kel (2, ) (4.12)

where fi (2, 1) are given by (4.4).
Finally we obtain the approximate fcrmulas (asymptotically exact as ¢ —+0) for computing
the. stresses
N
S o.n g
Fr=—T+n Y (F"—2B} — BN~ (4.13)
n=0

[ Amsr = B A () +
[Fo"— 2hB{TH ™ — (1= b2 BT "+ BT "] fierea (0, 1)

_52—_7_;1:2 (P —2vBih) = [ AE" + S5 AT fore(et) —
[Fa" =+ 2v (hBYT™ " = B3 )] fieren (O01)]
“ =1tz Yy By (AT a2 ) —
Z =2
[1_’“’)817— 371_‘ ;’rht ﬂ]f-., }
S gy ;;[2(n_1)(\-_1)13‘_3;:i+(n—1):35;::—
2r{(vx — 1) By .y —rzBi 4]~ Z Z{lin—1) AFmr —
FASRE ™ fimiea (5 1) — [2R (0 — 1) (v —1)B§’","’
(n—-i)(l—.\——h‘.)B’m’"—'—-(n—i) BT —

2h(v = B L " = (1= 2v — hz)rByen " — rzBYTe ] frian (0, 1))
N
o _—_hzZ[%(Bé;ll—zBf;I)— Bl i+ 2B +

DA R AT a5 ) — s 2 ) —
[ GBI BT — BT — RBYRE" - hBYRS " — BTN ] fuers (0,1))
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N
i " may,n
—f,izhrZ%w;, — 2B}, )+Z— (AT " [feanen(2,8) —

Protuz (2 r)] — (AR e RZBY, an_ 2B ™) feras (O, 11

where
s o —_
JARSLLLY: SNEREAY.  § . "[2<v-1)B, n+2BL T (4.14)
Fyiem — M B m@ﬂ Brine L I prmean

=
ron (2 (v — 1) B + 2B “—(1—2v—kz; B ™

m m-k

P N 1 1 ) T

A=) m=0 k=0 [=0

(the functions ¢ {(z.1) are defined in (4.5)). Note that the integrals (4.11) converge at
least as rapidly as the integrals (4.4).

5. Let us assess the error of the approximate solution (4.7), (4.13). To obtain a
uniform estimate, we make use of the fact that df; /0t = fy.,, and f; (2, 1) is a solution of the
one-dimensional problem of heat conduction for a half-space with zero initial temperature, when
convective heat exchange occurs when ¢t > 0 at the boundary of the half-gpace separating it
from a medium at unit temperature, i.e. 0« f,(z,f) <! is a function that increases monotonically
with t. Integrating by parts and applving the mean value theorem, we obtain

H
<Nz AT <M (), (5.1)
T
; \r o lz, 1) dT < Ty (2, 1)
0
Using (5.1), the well-known inequalities |/, {7) | ty Ton=1.2...; | Jo )| < 1/11/ and

the inequality 0 < ire™™ < ¢™!, we can obtain the required estimate. Omitting the cumbersome
calculations, we give the final result for the estimates of the errors in the M-th approximation
to the temperature and stresses, corresponding to deletion from the asymptotic expansions of

all terms from the M — 1-th term on. We have

“‘ 1\ aAf-
léTl‘ (U’—~1 Y’*ul : (
:..(

(511
1o

{Q;Bn - ﬂ}gln
=0

M- p \ -3 7eMed L geNM-s M -
[é:: HIRS I).‘ Z 1- (}lP 111‘ e "]71 )a !érq I < ﬁ!x z Enaln

Y= h n=0

1= B, 18) 1B

H
7

%fda

Ti==0
— N Po= DM Ay By= B (0, 1),
PR LY
. i’Z,]‘“ e et 2 a} 2 (U ) - h]qv 1

N
B Y G, (8% {<ih k D,
=0

to

Ly
i

I#

I Q/ (0,5 ()2 = (17 G52 <dh, i=3,4.
0

where
4~31=—‘.4;=,4,i=251=3n
B =2F,=2F, =172 (n=3,45....)
Agm=1. B =C=Ih= -} -
Byem 313 1412, Dy=E;=0

6. Let us study in more detail the behavicur of the temperature and the stresses for

short times.
The zero approximation to the temperature
T=8(F g ftn (6.1
is asymptotically exact as ¢-0. in the sense that the relative error of the approximate
solution (6.1) tends to zero as 11— 0.
From the physical point of view this means that at short heating times the limiting
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distribution of the temperature propagates in the direction of the O0s axis without “diffusing"
in the radial direction and retaining its "form".

In particular, if the limiting temperature distribution has a first-order discontinuity
(a jump) along some line, then the temperature field in the half-space determined by the
solution of the heat conduction equation, is continuous, but the jump is smoothed out only by
the infinitesimals in t.

In the case of the stresses we can find coarser approximate formulas which will still
remain asymptotically exact in the same sense. Such are e.g. the relations obtained from
(4.13) by deleting the terms containing the symbol X, or, which amounts to the same, by
deleting from the integrands in (3.6) terms containing w. The errors in the approximate formulas
obtained in this manner are estimated by formal substitution of the value M = —1 into (5.2).

Let us also consider the often-used approximation

224 (4 + +)
w=— 1=~ T 6.2)

=3

Grr

which is obtained by retaining, on the right-hand sides of formulas (4.13) for o, and o

the term —7 only. Formulas (5.2) imply directly that the error of the approximation (6.2)
is of the order of t as t— 0. A more accurate estimate cbtained using the scheme described
above shows that the approximation (6.2) is asymptotically exact only on the surface :=10 of
the half-space, and at the remaining points the relative error of relations (6.2) tends to
unity (to 100%) as ¢-0. It is precisely this that leads to the error in the sign of the
stresses (i.e. not only to a quantitative, but also to a qualitative error) as shown in /5/.

7. We consider, as an example, the boundary temperature distribution in dimensional
coordinates

a? bér =
6 (r, q)=e‘,[ PRI + T cos¢] (7.1
where o, b, 8§ are constants with dimension of length, and 6, is the temperature at the region
of coordinates.

The distribution (7.1) has a bell-like shape and can be used to model the real temperature
distribution at the boundary of a body being fractured by a high temperature gas jet /4/ when
the jet is directed at an angle to the surface. If this angle is equal to a/2, i.e. if we
have axial symmetry, then b =10 in (7.1), otherwise the quantity /«* characterizes the
asymmetry of the distribution.

Passing further to dimensionless coordinates we put 6=1 in (7.1), in accordance with
Sect.2 and regard o® as a%6° and ¥ as Hié. Two terms remain in the Fourier series (N = i),
&nd using the formulas from /12/ we obtain

8 (1) = aw’e”, 0. () =181 e (7.2

Now we can find the coefficients of the asymptotic¢ expansion (4.13) using the integral

from /12/, which can conveniently be reduced to the form

‘ 1§ Ty
(;e"w gy S [0 g 7.3)
s r dx yzior?

where the function itself represents its zero order derivative by definition. The coefficients
4;; and B,; can be found by putting 1 and z=1-+: respectively in (7.3)

I =
oo
S/*r’ =K, k=0,1,2 ... (7.4)
[

Thus in the case of distribution (7.1) the final expressions contain only a single special
function erfc z, which has simple approximating and asymptotic formulas over the whole interval
of variation of the argument. The computations carried out with the help of (4.4), (4.13),
(5.2), (7.3) and (7.4) are elementary.

8. 1In the axisymmetric case the relations obtained above agree with the results of /5/.
Note that there are misprints in formulas (3.4) of /5/: o0, = thBy,,+ ... should read a,,= htzB,, +
... and the factor "' is missing from the relations for ¢n(s,¢) under the summation sign.
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ON USING THE MORE-ACCURATE EQUATIONS OF THIN COATINGS IN THE THEORY
OF AXISYMMETRIC CONTACT PROBLEMS FOR COMPOSITE FOUNDATIONS™

V.I. AVILKIN, V.M. ALEKSANDROV and E.V. ROVALENKO

More-accurate equations describing the axisymmetric deformations of
elastic, thin-walled elements (coatings) are derived using the asymptotic
analysis of the solution to the first fundamental prcblem of the theory

of elasticity for a layer. The notable difference distinguishing these
relations from the classical, Kirchhoff-Love and Reissner-Timeshenko
equations of flexure of plates, and their modifications /1/, is, that

there are no concentrated forces at the edges of the stamp when the
corresponding contact problems are solved, Moreover, the formulas obtained
contain the equations of classical theory as a special case. The solutions
cbtained using various applied theories are compared with the corresponding
solution obtained using the eguations of the theory of elasticity, using
the example of the axisymmetric contact problem of impressing a plane
circular stamp into a layer lying on a Fuss-Winkler foundation. The
characteristic parameters of the problem in gquestion are computed by
numerical methods.

1. as we know /2/, the scluticn of the eguations of the thecry of elasticity can be
expressed, in the case of axisymmetric problems, by a single biharmenic function 4 (r, z)

. _ @ L 62
A%y =0 {.\_?-p—;-g;-%? (.4
Wu=—L, Wu= {Z(zwx;.X—-bi;};g-:- 7 (1.2)
o=t 20— Z g =g (= dn ]y (1.3)

Let us consider the first boundary value problem on the equilibrium of an elastic layer
of thickness 2k, when the application of external loads deforms it symmetrically about the
z-axis. We shall seek the sclution of (1.1) in the form of a Hankel integral /3/

- ®
1= VIE L0 0= r(rale(rhar (1.4)
[d 0
Substituting (1.4' intc (1.1 and carrying out simple mathematical reduction, we cbtain
@ (5. z) = (cych 32— c,Ezsh ¥ 4+ dyshis — dyfzch &2) 178 (1.%)
where ¢; and d; (j = 1.2) are functions of § whose form is determined from the boundary conditions
of the problem in guestion O (r B) = o (r). T (r B) =1, (7 {1.6)
o (ry, — k) = o_{r), 1,{r. —h)=1_()
O Ty = 0. (1P + 20 >
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